Design of a Practical Cat-righting Reflex (crr) Model  by Manerikar, Ankit & Anandpara, Tanvi
 Procedia Computer Science  45 ( 2015 )  514 – 523 
1877-0509 © 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of scientific committee of International Conference on Advanced Computing Technologies and 
Applications (ICACTA-2015).
doi: 10.1016/j.procs.2015.03.092 
ScienceDirect
Available online at www.sciencedirect.com
,QWHUQDWLRQDO&RQIHUHQFHRQ$GYDQFHG&RPSXWLQJ7HFKQRORJLHVDQG$SSOLFDWLRQV,&$&7$

'HVLJQRID3UDFWLFDOFDWULJKWLQJUHIOH[FUU0RGHO
$QNLW0DQHULNDUD7DQYL$QDQGSDUDE
a B.E., Electronics Engineering Dept., D.J. Sanghvi College of Engineering, Mumbai, India 
ankit.31457@gmail.com 
b B.E., Electronics Engineering Dept., D.J. Sanghvi College of Engineering, Mumbai, India 
tanvianandpara@yahoo.com  
$EVWUDFW
7KHG\QDPLFPRGHOIRUWKH&DW5LJKWLQJ5HIOH[±WKHLQQDWHDELOLW\RIFDWVWRDOZD\VODQGRQWKHLUIHHWQRPDWWHUZKDWWKHLU
LQLWLDO RULHQWDWLRQ ZDV ZKHQ WKH\ ZHUH UHOHDVHG ± KDG EHHQ TXLWH D GHEDWHG SK\VLFDO SUREOHP ZKLFK ZDV VROYHG E\ WKH
PDWKHPDWLFDOVROXWLRQSURSRVHGDQGYHULILHGE\.DQHDQG6FKHUDQGODWHUE\DPRUHJHQHUDOVROXWLRQE\0RQWJRPHU\+RZHYHU
WKHSUDFWLFDOLPSOHPHQWDWLRQRIWKLVDELOLW\LQDURERWLFVWUXFWXUHPD\GHPDQGIRUDPRGLILHGYHUVLRQRIWKHVHPRGHOVZLWKIRFXV
RQSK\VLFDOUHDOL]DWLRQRIWKHVDPH7KLVSDSHUSURSRVHVVXFKDPRGHOGHULYHGIURPWKH.DQH6FKHUFDWPRGHODQGVLPXODWHVWKH
VDPHWRWHVWLWVVXLWDELOLW\$QDQDO\VLVLVDOVRPDGHRIWKHFORVHQHVVWRZKLFKWKHSUDFWLFDOPRGHOUHDOL]HV&55ZLWKUHVSHFWWRWKH
WKHRUHWLFDOPRGHO
7KH$XWKRUV3XEOLVKHGE\(OVHYLHU%9
3HHUUHYLHZXQGHUUHVSRQVLELOLW\RIVFLHQWLILFFRPPLWWHHRI,QWHUQDWLRQDO&RQIHUHQFHRQ$GYDQFHG&RPSXWLQJ7HFKQRORJLHVDQG
$SSOLFDWLRQV,&$&7$
Keywords:Cat-Righting Reflex;  Kane-Scher Solution;  Non-Holonomic Robots
,QWURGXFWLRQ
7KH³)DOOLQJ&DW3UREOHP´RUDVLWLVWHFKQLFDOO\NQRZQWKH³&DW5LJKWLQJ5HIOH[´WKHDELOLW\RIDIDOOLQJFDWWR
ULJKW LWVHOI LH WR ODQG RQ LWV IHHW QR PDWWHU ZKDW LWV LQLWLDO SRVLWLRQ ZDV ZKHQ LW ZDV UHOHDVHG  KDG EHHQ D
PDWKHPDWLFDOSX]]OHXQWLOWKHWZHQWLHWKFHQWXU\ZKHQWKHDFFXUDWHG\QDPLFPRGHOIRUWKHPHFKDQLFVRIWKHIDOOLQJ
FDWZDVILQDOO\IRUPXODWHG7KHDELOLW\RIWKHFDWWRURWDWHLWVERG\ZLWKRXWWZLVWLQJDVLWULJKWVLWVHOIVHHPVWRYLRODWH
WKH ODZRI FRQVHUYDWLRQ RI DQJXODUPRPHQWXP DV WKHUH DUH QR H[WHUQDO IRUFHV WKDW WHQG WR URWDWH WKH FDW¶V ERG\
+RZHYHULWLVQRZNQRZQWKDWWKLVIHOLQHDELOLW\LVQRWKLQJEXWDFRQVHTXHQFHRIDIOH[LEOHVSLQHDQGDVHWRIVSHFLILF
JHRPHWULF WUDMHFWRULHV IROORZHG WR DUULYH DW QHW ]HUR DQJXODU PRPHQWXP 7KLV PHFKDQLFDO IUDPHZRUN LQ LWV
JHQHUDOL]HG IRUPKDVJRQH IXUWKHU WR WUHDW WKH IDOOLQJ FDW DV DQRQKRORQRPLF FRQWURO V\VWHP WKXV DSSO\LQJJDXJH
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of scientific committee of International Conference on Advanced Computing Technologies and 
Applications (ICACTA-2015).
515 Ankit Manerikar and Tanvi Anandpara /  Procedia Computer Science  45 ( 2015 )  514 – 523 
WKHRU\ WR VROYH LWVG\QDPLFV 0RQWJRPHU\7RGD\ WKHQRZZHOOXQGHUVWRRGFDWULJKWLQJ UHIOH[VHHVSRWHQWLDO LQ
SUDFWLFDO LPSOHPHQWDWLRQ ZLWK UHJDUGV WR DSSOLFDWLRQV VXFK DV VHOIRULHQWDWLRQ RI DUWLILFLDO VDWHOOLWHV DQG KXPDQ
PRWLRQFRQWUROLQ]HURJUDYLW\
7KHVROXWLRQWRWKLVSUREOHPZDVDWWHPSWHGLQWKHHDUOLHU\HDUVE\7HU%UDDNDQG5DGHPDNHUEDVLQJWKH
SUREOHP RQ JHRPHWULF IRXQGDWLRQV5DGHPDNHU DQG7HU%UDDN SXW IRUWK DPRGHO WKDWZDV FDSDEOH RI SHUIRUPLQJ
PRWLRQV FRPSDWLEOH ZLWK WKH ILUVW WZR IHDWXUHV RI WKH )DOOLQJ &DW SUREOHP DV GHVFULEHG E\ WKH .DQH DQG 6FKHU
WKHRU\,WGLGQRWWUDFHWKHWKLUGFULWHULDDVLWKDGHTXDOEDFNZDUGDQGIRUZDUGEHQGLQJ
7KHPRVWZLGHO\UHFRJQL]HGDQGDFFHSWHGVROXWLRQRI&55ZDVSURYLGHGE\.DQHDQG6FKHULQDQGIRUPV
WKH EDVLV RI DQDO\VLV IRU SUDFWLFDO LPSOHPHQWDWLRQ LQ WKLV SDSHU /LNH 7HU %UDDN DQG5DGHPDNHU WKLV SDSHU DOVR
FRQVWUXFWHG WKHPRGHORQDJHRPHWULFDOEDVLVKRZHYHU WKH VROXWLRQSURYLGHGE\.DQHDQG6FKHU IXOILOOHGDOO WKH
WKUHHFULWHULDIRU&DW5LJKWLQJ5HIOH[$OWKRXJKLWKDVQRZEHHQUHSODFHGE\DPRUHJHQHUDOL]HGPRGHOWKH.DQH
6FKHUFDWPRGHOLVFDSDEOHRIDSSUR[LPDWLQJWKHIDOOLQJFDWSKHQRPHQRQWRDYHU\DFFXUDWHOHYHO+HQFHWKHPRGHO
FRQVWUXFWHG LQ WKLV SDSHUZLOO EH EDVHG RQ.DQH6FKHU VROXWLRQ UDWKHU WKDQ WKH FXUUHQWO\ DFFHSWHG0RQWJRPHU\¶V
PRGHO
7KHPRUHPRGHUQVROXWLRQWRWKHSUREOHPKDVEHHQJLYHQE\0RQWJRPHU\ZKRGHVFULEHGWKH.DQH±6FKHU
PRGHOLQWHUPVRIDFRQQHFWLRQLQWKHFRQILJXUDWLRQVSDFHWKDWHQFDSVXODWHVWKHUHODWLYHPRWLRQVRIWKHWZRSDUWVRI
WKHFDWSHUPLWWHGE\ WKHSK\VLFV+HFRQVLGHUHG WKHFDW WREHDSDUWRIDQRQKRORQRPLFPRGHO UDWKHU DGLIIHUHQW
VROXWLRQIRUWKHVDPH)UDPHGLQWKLVZD\WKHG\QDPLFVRIWKHIDOOLQJFDWSUREOHPEHFRPHVDSURWRW\SLFDOH[DPSOH
RIDQRQKRORQRPLFV\VWHP%DWWHUPDQWKHVWXG\RIZKLFKLVDPRQJWKHFHQWUDOSUHRFFXSDWLRQVRIFRQWURO
WKHRU\$VROXWLRQRIWKHIDOOLQJFDWSUREOHPLVDFXUYHLQWKHFRQILJXUDWLRQVSDFHWKDWLVKRUL]RQWDOZLWKUHVSHFWWR
WKHFRQQHFWLRQWKDWLVLWLVDGPLVVLEOHE\SK\VLFVZLWKSUHVFULEHGLQLWLDODQGILQDOFRQILJXUDWLRQV7KXVWKHIDOOLQJ
FDWSUREOHPLQPRGHUQFRQWH[WLQYROYHVILQGLQJWKHVROXWLRQVSDFHIRUDQRQKRORQRPLFFRQWUROV\VWHPE\DSSO\LQJ
FRQFHSWVRIJDXJHWKHRU\
$OWKRXJK WKH VROXWLRQ RI WKH &DW 5LJKWLQJ 5HIOH[ LV DQ LQWHUHVWLQJPHFKDQLFDO SUREOHP LQ LWVHOI WKH SUDFWLFDO
LPSOHPHQWDWLRQ RI WKH VDPH LQ D URERWLF VWUXFWXUH RU D YHKLFXODU V\VWHP ZLWK DXWRQRP\ SUHVHQWV D GLIIHUHQW
FKDOOHQJHDOWRJHWKHU,QWKLVFDVHWKHPRGHOWKDWQHHGVWREHGHYHORSHGKDVWREHFRQVLVWHQWIURPDSUDFWLFDOSRLQWRI
YLHZ WKHUHE\UHYLVLQJVHYHUDO WKHRUHWLFDOFRQFHSWV WRVXLWSUDFWLFDOUHDOL]DWLRQ ,Q WKLVSDSHUZHKDYHFRQVWUXFWHG
VXFKDPRGHOWKDWFDQQRWRQO\DSSUR[LPDWHFDWULJKWLQJEHKDYLRXUEXWFDQDOVREHUHDOL]HGDVDSK\VLFDOSURWRW\SH
7KHPRGHO XQGHU SURSRVDO KDV EHHQ GHULYHG IURP WKH.DQH6FKHUPRGHO IRU D VWULFWHU JHRPHWULFDO LQWHUSUHWDWLRQ
GXULQJUHDOL]DWLRQ
7KLV SDSHU GHVFULEHV WKH FODVVLF .DQH6FKHU PRGHO DQG GLVFXVVHV WKH PRGLILFDWLRQV LQ LW IRU SK\VLFDO
LPSOHPHQWDWLRQZKLOHVWLOOYDOLGDWLQJWKHPRGHO7KHSDSHUWKHQH[SODLQVWKHVLPXODWLRQRIWKHSURSRVHGPRGHOZKLOH
GHVFULELQJ LWV PHFKDQLFDO VWUXFWXUH LQ 6LP0HFKDQLFV PRGHO DQG LWV 6LPXOLQN PRGHO 7KH FRQWURO DOJRULWKP IRU
UHJXODWLQJWKHMRLQWDQJOHVLVDOVRGHVFULEHG7KHUHVXOWVDQGDQDO\VLVRIWKHVLPXODWLRQDUHILQDOO\SUHVHQWHGWRVKRZ
WKDW WKH RXWSXW LV LQ FRQVLVWHQF\ ZLWK WKH WUDGLWLRQDO PRGHO $ SK\VLFDO SURWRW\SH EDVHG RQ WKLV PRGHO LV XQGHU
GHYHORSPHQWWRWHVWWKHYDOLGLW\RIWKHPRGHO
7KH.DQH6FKHU0RGHO
7KHVROXWLRQSURSRVHGE\.DQHDQG6FKHULQWKHLUSDSHURILVGHVFULEHGEULHIO\LQWKHIROORZLQJVHFWLRQV
7KHG\QDPLFPRGHODQGWKHGLIIHUHQWLDOHTXDWLRQIRU&55DUHHYDOXDWHGWKDWDUHWKHQFRQVLGHUHGLQWKHODWHUVHFWLRQV
IRUSUDFWLFDOLPSOHPHQWDWLRQ
7KHPRGHOGHYHORSHGE\.DQHDQG6FKHULVHYDOXDWHGEDVHGRQWKHIXOILOPHQWRIWKUHHFULWHULD
x 7KHWRUVRRIWKHFDWEHQGVEXWGRHVQRWWZLVW
x $WWKHLQVWDQWRIUHOHDVHWKHVSLQHLVEHQWIRUZDUG6XEVHTXHQWWRWKLVLQVWDQWWKHVSLQHLVEHQWILUVWWRRQH
VLGHWKHQEDFNZDUGWKHQWRWKHRWKHUVLGHDQGILQDOO\IRUZDUGDJDLQDWZKLFKSRLQWWKHFDWKDVWXUQHGRYHU
DQGWKHVSLQHKDVWKHVDPHVKDSHDVDWWKHLQLWLDOLQVWDQW
x 7KHEDFNZDUGEHQG WKDWRFFXUVGXULQJ WKHPDQHXYHU LV IDU OHVVSURQRXQFHG WKDQ WKH LQLWLDO DQG WHUPLQDO
IRUZDUGEHQG
516   Ankit Manerikar and Tanvi Anandpara /  Procedia Computer Science  45 ( 2015 )  514 – 523 

)LJ0RGHOIRU&DW5LJKWLQJ5HIOH[E\.DQHDQG6FKHU±$GDSWHGIURP>@
,Q RUGHU WR IXOILO WKHVH FULWHULD WKH PRGHO IRU WKH FDW LV FRQVLGHUHG WR FRQVLVW RI WZR ULJLG ERG\ F\OLQGHUV
FRQQHFWHGDWDSRLQW2E\DVSHFLDOQRWZLVWMRLQW7KLVVWUXFWXUHLVGHVFULEHGLQ)LJ7KHYDULRXVODEHOVLQWKH
ILJXUHDUHDVIROORZV

/HJHQGIRU.DQH6FKHU0RGHO
$L 0XWXDOO\SHUSHQGLFXODU UD\VIL[HGLQ$DQGHPDQDWLQJIURPRULJLQL 
. $UD\O\LQJLQWKHSODQHGHWHUPLQHGE\$DQG$
% $UD\IL[HGLQ%RG\%
% $UD\SHUSHQGLFXODUWR%DQGO\LQJLQWKHSODQHGHWHUPLQHGE\%DQG.DQGQRWIL[HGLQERG\%
% $UD\SHUSHQGLFXODU WR%DQG%
1 $UD\SHUSHQGLFXODU WR$DQG%
ǹ 7KHDQJOHEHWZHHQ$DQG.
Ǻ 7KHDQJOHEHWZHHQ%DQG.
ī 7KHDQJOHEHWZHHQ$DQG%
ࣄ 7KHDQJOHEHWZHHQ$DQG%
aÖ  $XQLWYHFWRUSDUDOOHOWR$
bÖ  $XQLWYHFWRUSDUDOOHOWR%
kÖ  $XQLWYHFWRUSDUDOOHOWR.
nÖ  $XQLWYHFWRUSDUDOOHOWR1

7KHDERYHLOOXVWUDWLRQVKRZVWKHWZRERG\KDOYHV$DQG%RIWKHFDWFRQQHFWHGDWWKHSRLQW2ZKLFKLVWDNHQDV
WKHUHIHUHQFHSRLQW$DQG%IRUPWKHSULQFLSDOD[HVRIURWDWLRQIRU WKHUHVSHFWLYHERG\KDOI$QHW]HURDQJXODU
PRPHQWXPLVIRUPXODWHGDVVKRZQ
&RQVLGHULQJDIL[HGUHIHUHQFHIUDPHIRUPHGE\1DQGWKHDQJOHELVHFWRURI$DQG%WKHDQJXODUYHORFLWLHVDUH
JLYHQE\
 nauQ
A Ö

Ö
J
Z

 
517 Ankit Manerikar and Tanvi Anandpara /  Procedia Computer Science  45 ( 2015 )  514 – 523 

 nbvQ B Ö

Ö
J
Z

 

=HURWZLVWLQJEHWZHHQ$DQG%FDQEHREWDLQHGE\VHWWLQJ

X Y

7KLVVDWLVILHV WKHILUVWFULWHULDPHQWLRQHG)RU WKHRWKHUFULWHULD WREHIXOILOOHG WKHHTXDWLRQIRUFRQVHUYDWLRQRI
DQJXODUPRPHQWXPLVWDNHQLQWRFRQVLGHUDWLRQ

7RWDODQJXODUPRPHQWXP 

ÖÖÖÖÖÖ   ,,,, bbbJaaaJ
BBBAAA ZZZZZZ  

8VLQJWKHUHODWLRQVREWDLQHGE\WULJRQRPHWULFVXEVWLWXWLRQDVIROORZV


  uTMA    \Z  

  ÖÖ
 anMTA JZ

<  

  ÖÖ
 anMTA JZ

<  
 uTMB    \Z  
 
ÖÖ

 bnMTB JZ < 
 
ÖÖ

 bnMTB JZ

<  
 @

>VLQ 

 T
Tu

 ET 

$QGVXEVWLWXWLQJWKHPLQWKH(TQZHJHWWKHILQDOH[SUHVVLRQDV



@>

TT
I
JTT
S
I
J

 
w
<w
T


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 ETEDED VLQFRVFRVVLQVLQFRV  S  
 TEDED FRVVLQVLQFRVFRV  T 

+HUHWKHDERYHHTXDWLRQLQWURGXFHVDQDQJOH WKDWFRUUHVSRQGVWRWKHUHODWLYHRULHQWDWLRQEHWZHHQWKHWZRERG\
KDOYHV7KHDQJOHLVFKRVHQVXFKWKDWWKHIROORZLQJH[SUHVVLRQLVYDOLG

    T\ when  

 STS\   r when                                                                         

(TQ  VHUYHV DV WKH EDVLF GLIIHUHQWLDO HTXDWLRQ IRU WKH &DW5LJKWLQJ 5HIOH[ PRGHO 7KLV HTXDWLRQ LV D
IXQFWLRQ RI WKUHH YDULDEOHV Į ȕ ș DQGȥ WKDW FDQ EH VHOHFWLYHO\ FRQWUROOHG WR EULQJ DERXW LWV LPSOHPHQWDWLRQ$
GHWDLOHGGHULYDWLRQRIWKHHTXDWLRQFDQEHVWXGLHGIURPWKHRULJLQDOVROXWLRQRI.DQHDQG6FKHU,QWKHQH[WVHFWLRQ
WKLVHTXDWLRQLVPRGLILHGZLWKFHUWDLQDVVXPSWLRQVWRGHVLJQWKHSK\VLFDOSURWRW\SH

7KH.DQH6FKHUHTXDWLRQH[SODLQHGDERYHSUHVHQWVDILUVWRUGHUQRQOLQHDUGLIIHUHQWLDOHTXDWLRQ(TQIRU
GHVFULELQJ&55DVD IXQFWLRQRI WKH IRXUDQJOHVĮȕșȥ+RZHYHUJLYHQ WKHQRQOLQHDUQDWXUHRI WKHHTXDWLRQ
VRPH DVVXPSWLRQV DV WR WKH UHODWLRQV EHWZHHQ WKH DQJOHV FDQ EHPDGH VR DV WR LPSOHPHQW D VLPSOHU H[SUHVVLRQ
7KHVHDVVXPSWLRQVDQGFRQVLGHUDWLRQVUHVXOWLQDFRQYHUJHQWILIWKGHJUHHSRO\QRPLDOWKDWFDQWKHQEHVROYHGTXLWH
DFFXUDWHO\E\DQDSSURSULDWHQXPHULFDOWHFKQLTXH
7KHILUVWDVVXPSWLRQLQYROYHVWKHUHODWLRQEHWZHHQWKHDQJXODUYHORFLWLHVRIșDQGȥ5HZULWLQJWKHH[SUHVVLRQ
IRUȥZHKDYH

    T\ when 
 STS\   r when 

1RZLIWKHDQJXODUYHORFLWLHVIRUșDQGȥDUHWDNHQWREHXQLIRUPWKHDERYHUHODWLRQJLYHVXV

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

7KLVDVVXPSWLRQFDQEHYDOLGRQO\LIWKHIROORZLQJFRQGLWLRQVDUHVDWLVILHG
 7KH YHORFLWLHV IRU ș DQGȥ QHFHVVDULO\ QHHG WR EH FRQVWDQW IRU WKH H[SUHVVLRQ WR EH FRUUHFW 7KLV UHTXLUHV WKH
DFWXDWRUVIRU WKHUHVSHFWLYHDQJOHV WRPDLQWDLQDFRQVWDQWUSP±VXFKDUHTXLUHPHQWFDQEHDSWO\IXOILOOHG LI WKH
DQJXODU WRUTXHGRHVQRW WHQG WR VORZ WKHDFWXDWRU VSHHG WRDFRQVLGHUDEOHH[WHQW ,QZKLFKFDVHDFRQWURO ORRS
ZRXOGEHQHFHVVDU\WKHUHE\PDNLQJWKHV\VWHPPRUHFRPSOLFDWHG

 )URPDPRUHJHQHUDOYLHZWKHDERYHH[SUHVVLRQFDQEHREVHUYHGWRDFFRXQWIRURQO\DSDUWLFXODUFDVH LH WKH
ZRUVWFDVHVFHQDULRLQZKLFKWKHLQLWLDOYDOXHVDUHȥ = 0DQGș = 0
:KHQWKLVLVQRWWKHFDVHIRUH[DPSOHZKHQWKHDQJOHVKROGQRQ]HURYDOXHVȥ = ȥ’DQGș = ș’WKHH[SUHVVLRQ
QRZEHFRPHV


  

 
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
+RZHYHUWKHFKDQJHLQYDOXHRIdȥ/dș) KDVRQO\DPLQLPDOHIIHFWLQWKHHYHQWXDOPRGLILFDWLRQRIWKH.DQH6FKHU
HTXDWLRQDVZLOOEHVKRZQDKHDG:KDWPRUHWKHPRGLILHG.DQH6FKHUHTXDWLRQWKDWZLOOQRZEHDUULYHGDWFDQWKXV
EHFRQVLGHUHGDVDQH[HPSOLI\LQJFDVHZKHUHZHKDYHȥ’ ș’  

2.1. The New Kane-Scher Equation: 
7KHDERYH H[SUHVVLRQZKHQ VXEVWLWXWHG LQ(T  FDXVHV WKH.DQH6FKHUHTXDWLRQ WREHFRPHD ]HURRUGHU
GLIIHUHQWLDOHTXDWLRQJLYHQE\

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 

)XUWKHUVLPSOLILFDWLRQRIWKHHTXDWLRQLVREWDLQHGE\VXEVWLWXWLQJWKHYDOXHIRUJ/I7RPDLQWDLQFRQVLVWHQF\ZLWK
WKH.DQH6FKHUVROXWLRQ>@WKHYDOXHLVWDNHQWREH7KHILQDOHTXDWLRQXSRQUHDUUDQJLQJQRZEHFRPHV

@> 

  STTT  

+HUHWKHYDOXHVIRU6DQG7DUHJLYHQE\(TVDQGWKXV(TXDWLRQLVDKLJKO\QRQOLQHDUILIWKRUGHU
WULJRQRPHWULFHTXDWLRQZLWKWKUHHYDULDEOHVĮȕDQGș(YHQZKLOHFRQVLGHULQJRQO\RQHYDULDEOHDWDWLPHLWLVQRW
SRVVLEOHWRIRUPXODWHWKHURRWVRIDQHTXDWLRQRIWKLVGHJUHH%\$EHO5XIILQLWKHRUHPLWLVQRWSRVVLEOHWRGRVRIRU
DQHTXDWLRQRIGHJUHHJUHDWHUWKDQ$VROXWLRQFDQWKHUHIRUHEHPRUHHDVLO\IRXQGXVLQJQXPHULFDOWHFKQLTXHV$V
GLVFXVVHG DKHDG WKH1HZWRQ5DSKVRQPHWKRG LVXWLOL]HG IRU WKH UHDOWLPH VROXWLRQRI WKHSUREOHP± DQXPHULFDO
WHFKQLTXHLVPRUHWKDQFRQVLVWHQWIRUSUDFWLFDOO\VROYLQJWKH.DQH6FKHUHTXDWLRQG\QDPLFDOO\LQUHDOWLPHZKHQLW
ZLOOEHLPSOHPHQWHGLQDSK\VLFDOSURWRW\SH
3UDFWLFDO,PSOHPHQWDWLRQ
3.1.   Mechanical Structure: 
$ 6LP0HFKDQLFV PRGHO KDV EHHQ GHVLJQHG DQG FRQVWUXFWHG IRU WKH SXUSRVH RI LPSOHPHQWLQJ WKH .DQH6FKHU
PRGHODQGWHVWLQJWKHFRQVLVWHQF\RIWKHPRGLILHGH[SUHVVLRQWREHDEOHWRUHDOL]HWKHFDWULJKWLQJUHIOH[HIILFLHQWO\
7KHPHFKDQLFDOVWUXFWXUHIRUWKLVPRGHOLVVKRZQLQ)LJDQG)LJ
7KHPRGHOLVVWUXFWXUHGRQWKHEDVLVRIWKHG\QDPLFDOPRGHOGHVFULEHGE\WKH.DQH6FKHUPRGHODVVKRZQLQ)LJ
7KXVWKHPRGHOOHGFDWGHYHORSHGFRQVLVWVRIWZRV\PPHWULFDOF\OLQGULFDOERG\KDOYHVFRQQHFWHGWRHDFKRWKHU
E\DVSHFLDO³QRWZLVW´MRLQW7KHPRGHOKDVEHHQPRGLILHGZLWKUHJDUGVWRSUDFWLFDOLPSOHPHQWDWLRQWRJLYHWKHQHZ
PRGHOLQ)LJ7KHGLIIHUHQWEORFNVRIWKLVQHZVWUXFWXUHDUHGHVFULEHGDVIROORZV
 
Ground – 7KLVLVWKHUHIHUHQFHSRLQWQHFHVVDU\IRUVLPXODWLQJDPRGHOLQ6LP0HFKDQLFV,QWKLVFDVHWKH*URXQG
SRLQWLVWKHSRLQWRIRULJLQ2RI.DQH6FKHU0RGHOGHQRWLQJWKHSRLQWRIMRLQLQJRIWKHWZRERG\KDOYHV$OOPRWLRQ
LVFRQVLGHUHGZUWWRWKLVSRLQW

)RUWKHIURQWERG\KDOIWKHYDULRXVFRPSRQHQWVDUHJLYHQDVIROORZV
 
(Alpha + Psi) Joint – 7KLVLVD'2)MRLQWFRQQHFWHGDW2WRJHQHUDWHWKHDQJXODUPRWLRQV$VWKHQDPHVXJJHVWV
WKLVMRLQWLVXVHGWRDFWXDWHWKHDQJOHVĮDQGȥDVGHVFULEHGLQWKH.DQH6FKHUPRGHO

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$QJOH Į LV UHDOL]HG DORQJ WKH'2) RI WKH UHYROXWH MRLQW RI WKH '2) -RLQW %ORFNZKLOH ȥ LV UHDOL]HG E\ WKH
URWDWLQJMRLQW7KHDQJOHVĮDQGȥDUHEDVLFDOO\GHVFULEHGEHWZHHQWKHWZRERG\KDOYHVKRZHYHUWKHPRWLRQLQWKH
6LP0HFKDQLFVPRGHO WDNHV SODFHZUW JURXQGZKLFK LV V\PPHWULFDO WR ERWK WKH KDOYHV+HQFH WKH DQJOH YDOXH
DFWXDOO\IHGWRWKHMRLQWLVĮ

Conn_Body – 7KLVLVDGXPP\OLQNWKDWFRQQHFWVWKHWZRMRLQWVVRDVWRLQWHJUDOO\IRUPWKH'2)DVGHVFULEHGLQ
WKHWKHRUHWLFDOPRGH

(Theta + Beta) Joint - 7KLV'2)MRLQWLVXVHGWRDFWXDWHWKHDQJOHVȕDQGșDVGHVFULEHGLQWKH.DQH6FKHUPRGHO
$QJOHȕLVUHDOL]HGDORQJWKH'2)RIWKHUHYROXWHMRLQWRIWKH'2)-RLQW%ORFNZKLOHșLVUHDOL]HGE\WKHURWDWLQJ
MRLQW7KLVMRLQWLVFRQQHFWHGWRWKHERG\F\OLQGHUDWWKHHQG
 
Front_Cyl – 7KLVLVWKHERG\F\OLQGHUWKDWFRQVWLWXWHVWKHIURQWERG\KDOIRIWKHFDW7KHLQHUWLDWHQVRUIRUEXLOGLQJ
WKHPRGHOLVHYDOXDWHGWRDSSUR[LPDWHWKHSK\VLFDOSURWRW\SHWKDWZLOOEHLPSOHPHQWHG
Leg1 and Leg2 - 7KHVHDUHVWDWLRQDU\OHJVDWWDFKHGWRWKHERG\F\OLQGHUWRVHUYHDVYLVXDOPDUNHUVIRUWKHPRWLRQRI
WKHF\OLQGHUGXULQJWKHVLPXODWLRQ
6LQFHWKHPRGHOLVV\PPHWULFDERXW2WKHEDFNERG\FRPSRQHQWVDUHWKHVDPHDVWKHIURQWERG\FRPSRQHQWV
7KHFKDQJHVLQWKHPHFKDQLFDOVWUXFWXUHDQGWKHUHOHYDQWUHDVRQVDUHHQXPHUDWHGDKHDG
x 7KHMRLQWDWSRLQW2LQWKHFODVVLFPRGHOZRXOGQHHGWREHD'2)MRLQWLQRUGHUWRLPSOHPHQWDOOWKHWKUHH
DQJOHV±KRZHYHUVLPXODWLRQLQ6LP0HFKDQLFVGRHVQRWDOORZWKHDFWXDWLRQRID'2)MRLQW,WLVWKHUHIRUH
PRUHIHDVLEOHWRUHSUHVHQWWKHVDPHPRWLRQE\DFRPELQDWLRQRIWZR'2)MRLQWV%RWKLQWKHVLPXODWLRQDV
ZHOO DV SUDFWLFDOO\ 7KH '2) MRLQW WKHUHIRUH LV EURNHQ GRZQ LQWR WZR '2) MRLQWV IRU WKH SXUSRVH RI
SK\VLFDO UHDOL]DWLRQ$VDFRQVHTXHQFHRI WKLVDQDGGLWLRQDOFRQQHFWRU LV UHTXLUHG WREHDGGHGEHWZHHQWKH
WZRMRLQWV±WKLVFRQQHFWRULVRIDVPDOOEXWILQLWHPDVVWRVXSSRUWWKHUHODWLYHPRWLRQRIWKHWZRMRLQWV
x ,QWKHRU\WKHDQJOHVGHVFULEHGDUHHVVHQWLDOO\IRUPHGEHWZHHQWKHWZRERG\KDOYHVIRUWKHIUHHIDOOLQJERG\
7KHVLPXODWLRQKRZHYHUUHTXLUHVDIL[HGUHIHUHQFHSRLQWDVJURXQGLQRUGHUWRLQLWLDWHVLPXODWLRQ+HQFHDOO
WKHDQJXODUPRWLRQVDUHPDGHZLWKUHJDUGVWRWKHJURXQGSRLQWZKLFKLVWDNHQDWSRLQW2
3.2.   Simulink Model 
7KH 6LPXOLQN PRGHO IRU WKH DERYH VLPXODWLRQ FRQVWLWXWHV DOO WKH DFWXDWRUV VHQVRUV DQG IXQFWLRQ EORFNV
LPSOHPHQWLQJWKHFRQWURORIWKHYDULRXVDQJOHVRIWKHVWUXFWXUH7KHIHDWXUHVRIWKHPRGHODUHGHVFULEHGEHORZ
)LJ6LP0HFKDQLFV0RGHOIRU&55(OOLSVRLG )LJ6LP0HFKDQLFV0RGHOIRU&55&RQYH[+XOO
*URXQG
$OSKD3VL-RLQW
7KHWD%HWD
7KHWD%HWD
$OSKD3VL-RLQW&RQQB%RG\)
&RQQB%RG\%
/HJ
/HJ
/HJ
/HJ
)URQWB&\O
%DFNB&\O
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x Alpha Actuation ±7KHYDOXHIRUĮLVWDNHQUDQGRPO\WRDFFRXQWWRFKHFNIRUFRPSXWDWLRQDOIOH[LELOLW\7KH
OLPLWLQJ YDOXH IRU Į LV WDNHQ DV EHWZHHQ  WR  GHJUHHV ZLWK UHJDUGV WR WKH SK\VLFDO OLPLWDWLRQ RI WKH
EHQGLQJRIWKHFDWVSLQH
x Theta Actuation ±7KH DQJOH ș LV JUDGXDOO\ YDULHG WR JLYH D FRQVWDQW YHORFLW\ VLJQDO7KLV VHUYHV DV WKH
SULPDU\LQSXWWRWKHFRQWUROORRSWKDWFDOFXODWHVȕIRUWKHJLYHQVHWRISDUDPHWHUV
x Psi Actuation ±$VPHQWLRQHGLQWKHHDUOLHUVHFWLRQȥLVWDNHQDVDVLJQDOZLWKKDOIWKHIUHTXHQF\RIș7KLV
DOORZVIRUWKHDSSOLFDWLRQRI(TQWRWKHPRGHO
x Beta Actuation ±ȕLVFDOFXODWHGIRUHDFKLQVWDQWRIșE\VROYLQJ(TQWKURXJKQXPHULFDOWHFKQLTXHV
7KHȕVROYLQJORRSLVH[SODLQHGLQWKHQH[WVHFWLRQ
3.3.  Solution of the Kane-Scher Equation 
7KHRSHUDWLRQRIWKHPRGHOHVVHQWLDOO\LQYROYHVDSVHXGRFRQWUROORRSWKDWWDNHVLQWKHDQJOHVĮDQGșDVLQSXWV
DQGSURGXFHVWKHVLJQDOYDOXHIRUȕ8SRQH[SDQVLRQ(TQLVIRXQGWREHDILIWKGHJUHHHTXDWLRQLQ7ZKHUH
DJDLQ7LVLWVHOIDWULJRQRPHWULFIXQFWLRQ7KHKLJKGHJUHHRIWKHSRO\QRPLDOGRHVQRWDOORZDIRUPXODWHGH[SUHVVLRQ
IRUȕ:KDWPRUHWKHQRQOLQHDUQDWXUHDOVRPDNHVLWGLIILFXOWWRFRPSXWHWKHYDOXHVHDVLO\7KHUHIRUHWKH1HZWRQ
5DSKVRQPHWKRGLVDGRSWHGWRFDOFXODWHȕIURPWKHHTXDWLRQ
7KHPVIFQBQHZWRQPHWKRGEORFNDFFRXQWVIRU WKHFDOFXODWLRQRIȕ$GRSWLRQRI WKLV WHFKQLTXHRIFRQWUROKDVD
FRQVLGHUDEOHLPSDFWRQWKHZRUNLQJSULQFLSOHRI&557KHRULJLQDOPRGHOSXWIRUWKE\.DQHDQG6FKHUVXJJHVWHG
FRQWURO RI WKH DQJOHȥ IURP WKH LQSXWV Į ȕ DQG ș IURP(TQ  7KLVZRXOG LQYROYH VROYLQJ WKH GLIIHUHQWLDO
HTXDWLRQ E\5XQJH.XWWDPHWKRG WR JLYH WKH FXUUHQW YDOXH IRU ȕ+RZHYHU WKH FXUUHQWPRGHO GHYLDWHV IURP WKLV
WHFKQLTXH LQ WKDW WKHUHODWLRQEHWZHHQȥDQGș LVNHSW IL[HGZKHUHDV LW LV WKHDQJOHȕ WKDWEHFRPHV WKHFRQWUROOHG
SDUDPHWHU
7KHIXQFWLRQEORFNWKXVFDOFXODWHVWKHDQJOHYDOXHE\LPSOHPHQWLQJWKHIROORZLQJDOJRULWKP

$OJRULWKPPVIFQBQHZWRQPHWKRG$OJRULWKP
,QLWLDOL]HGHIDXOWYDOXHRIEHWDbdef
7DNHWKHLQSXWYDOXHVIRUDOSKDa DQGWKHWDd
7DNHbold = bdef
:KLOH_HUURU_ GHVLUHGYDOXHGR
&DOFXODWH TEDED FRVVLQVLQFRVFRV  T 
&DOFXODWH ETEDED VLQFRVFRVVLQFRVFRV  S  
&DOFXODWHfcheck 


@> STTT   
&DOFXODWHGHULYDWLYHVS’, T’, fcheck’ 
*HWbnew = bdef – (fcheck’/fcheck)
*HWerror = bnew – bold  
7DNH bold = bnew
(QG:KLOH 
)LQDOYDOXHRIEHWD bnew 
3UDFWLFDO,PSOHPHQWDWLRQ
7KHVLPXODWLRQRXWSXWVHTXHQFHIRUWKHWLPHVVVVDQGVLVVKRZQIRUĮ UDGLDQVERWKIRU
WKHFODVVLF.DQH6FKHUPRGHO)LJDVZHOODVWKHUHYLVHGPRGHOLPSOHPHQWLQJWKHDERYHDOJRULWKP)LJ,Q
ERWKFDVHVWKHVLJQDOIRUșLVDVDZWRRWKZLWKDIUHTXHQF\RI+]7KHORZHUDQGXSSHUERXQGVRQWKHVLJQDODUH
DQGʌUDGLDQVUHVSHFWLYHO\7KLVDOORZVșWRYDU\ZLWKDFRQVWDQWYHORFLW\IRUDQHQWLUHUHYROXWLRQ7KHVLJQDO
LVLOOXVWUDWHGLQ)LJ
$VUHTXLUHGWKHDQJOHȥLVWDNHQWREHRIKDOIWKHIUHTXHQF\DVWKDWRIșLH+]ZKLFKLVLOOXVWUDWHGLQ)LJ
WKXVVDWLVI\LQJ(TQ
7KHYDULDWLRQLQȕZUWșLVVKRZQLQ)LJ±WKLVFXUYHKDVEHHQYHULILHGIRUGLIIHUHQWYDOXHVRIĮWRYHULI\WKH
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FRUUHFWQHVVRIWKHILQDOYDOXH
 
 
 
 

 
       Analysis:  
&RQVLGHULQJWKHVLPXODWLRQRXWSXWVIURP)LJV±ZHFDQLQIHUWKHIROORZLQJ
x 7KHUHYLVHGPRGHOLVFDSDEOHRILPSOHPHQWLQJ&55DVGHVFULEHGE\WKHWKHRUHWLFDOPRGHOWRDFRQVLGHUDEOH
GHJUHHRIDFFXUDF\
W V W V
W V W V
)LJ6LPXODWLRQVHTXHQFHIRU&55PRGHOLQ0$7/$%± EDVHGRQFODVVLF.DQH6FKHUPRGHO
W V
W V
W V
W V
)LJ6LPXODWLRQVHTXHQFHIRU&55PRGHOLQ0$7/$%± EDVHGRQUHYLVHGPRGHO
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x 7KHULJKWLQJWKRXJKVOLJKWO\DOWHUHGE\WKHPRGLILHGFRQWUROORRSLVQHYHUWKHOHVVREVHUYHGWRWDNHSODFH
x $FRQVLGHUDEOHFRPSXWDWLRQWLPHLVUHTXLUHGDWWKHLQLWLDOFDOFXODWLRQRIȕ7KLVFRPSXWDWLRQWLPHQHHGVWR
EHDFFRXQWHGIRUZKLOHSURJUDPPLQJWKHSK\VLFDOSURWRW\SH


&RQFOXVLRQV
7KHPRGHO IRU&DW5LJKWLQJ5HIOH[ WKDWKDVEHHQ VLPXODWHGDQGDQDO\VHG LQ WKHSDSHU LV IRXQG WREHDEOH WR
UHDOL]HWKHUHTXLUHGPRWLRQWRDFRQVLGHUDEOHDFFXUDF\7KHDVVXPSWLRQVPDGHDQGPRGLILFDWLRQVFDUULHGRXWLQWKH
PRGHO DOORZ D VLPSOHU WHFKQLTXH IRU LPSOHPHQWDWLRQ WKDW FDQ EH XWLOL]HG IRU WKH SK\VLFDO SURWRW\SH XQGHU
GHYHORSPHQW
5HIHUHQFHV
 .DQH7KRPDV6FKHU03 A dynamical explanation of the falling cat phenomenon ,QWHUQDWLRQDO -RXUQDORI6ROLGVDQG
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±
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
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 $UDE\DQ$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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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±
 50RQWJRPHU\*DXJH7KHRU\RIWKH)DOOLQJ&DWILHOG,QVW&RPPYRO
 ;LQ6KHQJ*H:HL-LD=KDR<DQ=KX/LX³1RQKRORQRPLF0RWLRQ3ODQQLQJIRUD)UHHIDOOLQJ&DW8VLQJ4XDVL1HZWRQ0HWKRG´
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